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Abstract. We give a formula for the Chern character on the DG-category of global 
matrix factorizations on a smooth scheme X with superpotential w G T[Ox)- Our 
formula takes values in a Cech model for Hochschild homology. Our methods may also 
be adapted to get an explicit formula for the Chern character for perfect complexes of 
sheaves on X taking values in right derived global sections of the De-Rham algebra. 

- - Along the way we prove that the DG version of the Chern Character coincides with the 

^ , . classical one for perfect complexes. 
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1. Introduction 

>: 

^ , Shklyarov in [14j gives a beautiful interpretation of the Chern Character and Riemann- 

Roch theorem in the context of DC-categories over a field k. In his treatment, he uses 
ly^ ■ functoriality of Hochschild homology and the canonical functor '■ k ^ €, which simply 

■ sends the DC-algebra k to the object E E (t, to get the Chern character of E, 

ch{E) = HH{kE) : k = RR{k) HH(c:). 

In the case when £ is a proper DG-category, i.e. the diagonal bimodule. A, takes values 
in perfect fc-modules (Perf k) , we use the Kunneth isomorphism and the isomorphism 
^ ■ HH(£°P) = HH(^) to obtain a pairing on homology: 

TTTT/' A \ 

< -, - >c: HH(£) ® HH(C:) ^ EE{(t ® C^) A ' HH(Perf A;) = k 

With this pairing and definition of the Chern character, the Riemann-Roch theorem, 

< ch{E),ch{F) >c= str Rom^{E,F), 

then becomes almost tautological, following easily from functoriality. 

As with all beautiful things, the hard part is in the application. That is, for a particular 
DG-category, C, the difficulty is to get a meaningful handle on the Chern character and the 
pairing on Hochschild homology. The DC-categories of interest to us presently are certain 
categories of (global) matrix factorizations. We also only focus on the first half of the 
problem, i.e. to compute the Chern Character, taking values in some reasonable model for 
Hochschild homology. We, in fact, concern ourselves with a mildly more general problem: 
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to compute the so called boundary bulk map. This is a map from the endomorphism DG- 
algebra of an object to Hochschild homology. We recommend p] for details, in particular 
for the proof of the fact that the Chern Character is simply the boundary bulk map 
evaluated at the identity. Our formula for this map is rather involved, too much so to 
reproduce here (the impatient reader may thumb to theorem 16.51) . however in the case 
when our matrix factorization, S, admits a global connection, V, i.e. global connections 
on graded components Vi : Si Q ® Si, i = 0, 1, we obtain the following formula for the 
Chern Character: 



We save understanding the pairing for a later work. 

This paper is organized as follows. Section [2] contains the background information on 
our particular version of matrix factorizations (taken from [5j). Section [3] contains the 
DG/triangulated category theory pertaining to matrix factorizations that we will need. 
Some of results therein have not appeared in the generality in which we state them, but 
by no means is anything new. In section HI we carry out the computation of Hochschild 
Homology for our categories of matrix factorizations. The method for this computation is 
suggested in [2j and the analogous computation is carried out for Hochschild Cohomology 
therein. We give the details for homology. This result is also know by other methods 
from |10j . 

Sections [5] and [6] form the heart of the paper, culminating in the a formula for the 
boundary-bulk map which takes values in a Cech model for Hochschild Homology of 
matrix factorizations. This formula makes use of a choice of local connections on a 
Cech cover of the scheme X. In our opinion, more interesting than the formula, is 
the observation that the boundary-bulk map, which is a map in the derived category 
of complexes of vector spaces, may be promoted to the derived category of sheaves on 
our space X. Section [5] is concerned with understanding this promotion. Section [6] is 
concerned with what then happens upon applying right-derived global sections. 

Throughout we assume the reader is mildly familiar with DG-categories and recom- 
mend for those who are not. Our specific conventions are as follows. We fix once 
and for all a field k. As one particular foundational lemma (13. lip will require it, we 
assume that k is perfect. All categories we work with will be fc-linear. In particular, 
"scheme" will mean fc-scheme so that quasi-coherent sheaves on said scheme form a k- 
linear category. C{k) will denote the category of chain complexes of k vector-spaces. By 
modules and — Mod we will always mean right modules, i.e. contravariant DC functors 
from € with values in C{k). All grading will be Z gradings, though often there will be a 
2-periodicity among graded components. We will use cohomological grading conventions. 
Subscripts will not denote a change from this convention, but instead will be used to 
reference internal grading for objects. For example if C is a chain complex we will write 
Ci for the i-th graded component (the differential has d : Ci ^ Ci+i), whereas we would 
write C^^ — > C° — > — )■ . . . for a complex of complexes with each a complex 

in its own right. We will use * to denote the "underlying graded object" functor, which 
forgets any additional structure (e.g. the differential) except the Z-grading. For example 




where str denotes the super-trace, e is the curved differential on S, and 



[V, e] = V,+ie, - 1 ® dVi 



I = 



0,1. 



if 



C = yC.^Cn^Ci^... 
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is a chain complex then C* is the graded vector space 

For any DG category £, we may form two regular categories and with the same 
objects as €. but with homs given by 

Hom^oe;(a, h) = Z°Home;(a, b) B.omjjotr{a, h) = if°Home;(a, b) 

where on the right-hand sides and are the usual zero cycle and zero cohomology 
functors for chain complexes. We may also form the derived category D€, which is the 
Verdier localization of H^{€ — Mod) with respect to quasi-isomorphisms. 

2. Matrix Factorizations 

We work with categories of matrix factorizations as in [5j and Specifically we let 
X be a noetherian fc-scheme, C a line bundle on X and w G C{X) a global section. A 

matrix factorization, denoted 

eo 
ei 

on X with potential w G C{X) consists of the data of two vector-bundles Sq and Si on X 
and maps 

ei : £i So and Cq : Sq £i ^ C 

such that eoCi = id^-^ (g) w and (ei ® idc)eo = ids^ ® w. Twisting by £ and expanding 
2-periodically we may view a matrix factorization as a "complex" of sheaves except the 
differential, e, has is multiplication by w: 

(1) >Si^C-^ -^So^C'^ ^£i^£o^Si^C^£o^C^ .... 

Here the term Si lives in degree 2k — i. Given two matrix factorizations on X with 
potential w, 

eo ^0 

we may define a complex of morphisms Hom(£^, V) whose underlying graded components 
are 

Rom^''{£, J^) := Homo^(fo, ® C'") © Homo^(^i, J^i ® r'^) 

and 

Hom2'=+i(f , J-) := Homo^(^i, J-Q ® C^) © Homo^(^o, J^i © ^2'=+^). 
The differential on Hom(£^,D) is given by d{f) = df — (— l)'-^'/e. One easily verifies that 
9^ = so Hom(£,P) is indeed an honest complex, even though £ and V are not. 

The DG-category of matrix factorizations defined above is not "correct" in the global 
setting. It contains objects which "should be" in the DG-derived category but are 
not, i.e. there are locally contractible matrix factorizations which are not globally con- 
tractible. There are several ways of dealing with this. In [3] Orlov defines the derived 
category of matrix factorizations to be the Verdier quotient of the derived category of ma- 
trix factorizations in standard DG sense by the thick subcategory of locally contractible 
objects. Alternatively one can form a new DG-category ^fft^iodX, C,w), in which we 
localize with respect to the spacial variable. The objects of Tl'^iodX, C, w) are the same 
as in dJt^{X, C, w) and morphisms are given by a suitably functorial models (so that 
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composition is well-defined) for the complexes WRom{Si, J-'j ® C"') for i,j = 0, 1 and all 
n, then defining the morphism complex in the "corrected" category to be 

Homajt5;^^(x,£,i«)(i^,^) := Tot(MHom(£:, J")) 

This can be done using a Cech model as in [7] and [TH] or by choosing functorial injective 
resolutions which we explain below. 

In what follows we will want to consider a slightly larger class of objects obtained 
by dropping the restriction that Sq and Si be vector bundles and allowing the graded 
components of £ to arbitrary quasi-coherent sheaves on X. We will refer to such an 
object as a curved quasi- coherent Ox module. The DG-category of curved modules with 
Hom complexes defined above will be denoted by Q.cot) {X, C,w), the full subcategory of 
matrix factorizations will be denoted by DJi^{X, C, w) and the full subcategory formed 
by considering curved sheaves with coherent graded components will be €.o[){X, C,w). 
We will often drop X and or C from the notation, when they are clear from context. We 
will keep w, to distinguish £oP)(w) (resp. £lcol){w)) from the categories Coh(X) (resp. 
Qcoh(X)) of ordinary (quasi-) coherent sheaves on X. 

In [9j Positselski defines the the notion of a curved differential graded ring (CDG-ring) 
as a Graded ring B = @ Bi along with a degree 1 endomorphism d and an element 
w E B2 such that 6^ = [w,—]. A i?-module is a graded (left) i?*-module M endowed 
with its own differential dM satisfying the compatibility identity 

(iAf(am) = d{a)m — {—iy"'^adM{m). 

Morphisms between curved modules are 5* module morphisms and are endowed with a 
differential in the standard way. As with matrix factorizations this differential produces 
a complex. 

As in [S] we may use a sheafified version of curved modules to describe the category 
0cof)(w). We define a sheaf of CDG-rings S{C) = ^jg^^C* as the "free algebra" on £, 
graded such that C lives in degree 2 and we endow S{C) with the trivial differential. Then 
a curved Ox module with potential w G C{X) is a Quasi-coherent CDG S'(£)-module, i.e. 
a curved quasi-coherent module as defined above gives rise to a Z-graded S'(£)-module 

with differential e such that is multiplication by w. One can check that the morphisms 
in ncof)(iy) are precisely the morphisms of CDG S'(£)-modules, i.e. graded- morphisms 
on the underlying Ox modules which commute with the S{C) action. 

Conversely given a curved S'(£)-module {A4,dM), the natural isomorphisms 

C'^ ^ Ox = 

and the associativity of multiplication imply that any S'(£)-module, Ai, must have iso- 
morpishms 

M^(g)C^ Mi+2 

for all i. This gives an equivalence of categories between the £lcol){w) and the category 
of CDG curved S{C) modules with curvature w. We will use both interpretations of 
0cof)(X, £,w) interchangeably. We will continue to use the notation £lcoi){X, C,w) for 
both. 

For curved modules M. G Cot){X, C,w) and Af G £lcoi){X, C,w') we may form the 
curved module 'Homs{c){-M.,M) G £lcoi){X, C, w' — w) defined by 

UomsioiM.U)* = noms(^c)*{M*,M*) 
4 



and whose differential is given by d{f) — dM'f — {—^)^^^^fd^^■ In particular for A4 G 
Col){X, C,w) we have the dual module 

M"" = noms(c){M,S{C)) G €oi){X,C,-w). 

For M G 0co[)(X, £, u;) and Af G £lco[){X, C,w') we may form the tensor product 
M ® TV G £lco^(X,£,w + w') defined by 



S{C) 



S{C) S(C)* 



and whose differential is given by dM®M = 1 + 1 dj\f. More explicitly for 

mo no 

mi ni 

we have 

nomsic){M,Af) = 



/ -no, mo* \ 
mi* -m, ^ 



Hom(Mo,Afo) nom(Mi,Afi) nom(Mo,Afi) © nom{Mi,No) 



f m, mi* \ 
^ mo* no« y 



and 

M ® Af 

S{C) 



V l®mi ni®l J 



/ ni(gil l®mi \ 
V l®mo no®l / 

The following facts about the T-Lomsic] and (g) functors are easily verified by sheafifying 

S{C) 

the natural isomorphisms that arise when X is affinc. 

Proposition 2.1. Let M G (rot)(X,£,w) A/" G €oi){X,C,v), V G £}co{)(X, -u) and 

£ G ^(X, £, t) and V G 9Jt5^(X, £, s) then 

(1) 'Homs(c){-M. <8) Af,V) = 'Homs(c){A4,'Homs(c)iAf,P)) naturally as objects of 
Z°£lcoi){X,C,u-v -w). 

(2) noms(c){M ® £,Af)^'Hams(c]{M,S'' Af) ^n(mi,fL){M,Af) ® nat- 

ter) 5(/;) 

urally as objects of Z°0co[)(X, £, v — w — i). 

(3) £^ ® V ^noms(c]i^,V) as objects of Z^£lcoUX,C,s-t). 

S(C) 

(4) = £ naturally m Z^md{X,C,t) and the functor 

V : Wld{X, £, tyP Wld{X, £, -t) 
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is an equivalence of DG- categories. 



The category Z'^Q.col){w) is easily seen to be an abelian category with arbitrary direct 
sums. From [8] the homotopy category H^O.coi){w) admits a triangulated structure with 
the obvious shift functor and in which distinguished triangles are isomorphic to triangles 
of the form 

S ^V^Coneif) ^ S[l] 

where Cone{f) is defined analogously to cones in the category of complexes of sheaves. 
Also, as we will will use it frequently, if 

>M-^ ^M^ ^M^ ^ ... 

is a complex of curved modules (where the curved modules are viewed in the abelian 
category Z^£lcoi){w) we may form the direct sum total curved module Tot(A^') whose 
graded components are Tot(A^')"' = 0p+g=„ A^g and whose curved differential is given 
by the formula analogous to forming the total complex for complexes of sheaves. 

The functor # : Z°nco[)(w) S{C)* - Modo, where S{C)* - Modo denotes the 
category of S'(£)* modules with degree morphisms, admits left and right adjoints + 
and — defined by 

(0 1) 
Kw J 



w\ 
.10) 



and 



• to ' 
,10, 



■ 1 ■ 

. w , 



Evidently the functors ^ and ^ are exact. 

We may use these adjoints to construct right and left resolutions in the abelian Z'^O.col){w), 
by first resolving as graded sheaves of S'(£)*-modules and then applying either + or — 
appropriately. Specifically when 

is a resolution of 8 graded S{C) module then 

resolves £ as a w-curved S{C) modules and similarly when 

8* ^ (X')# 

resolves 8 then 

8 ^ ((!•)#)- 

is a resolution as w-curved modules. We will be particularly interested in the cases when 
(J-"*)* consists of fiat sheaves, vector bundles, or locally free sheaves and when (/*)* 
consists of injective sheaves. 
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3. The Coderived Category 



We have yet to explain how we are to deal with locally contractible matrix factorizations 
or to justify our allegation that it is useful to pass to the larger category £lcot){X, C,w). 

As we mentioned above H^O.coi){w) is triangulated and this category, along with its tri- 
angulated structure, is reminiscent of homotopy category of complexes of quasi-coherent 
sheaves on X. As such, one is interested in localizing with respect to the "acylic" objects, 
which would in particular kill the locally contractible matrix factorizations. The problem 
is that the usual notion of "acyclic" has no obvious analog in ncof)(X, £, w) unless w = 0. 
It turns out that the appropriate thing to do is to consider the exotic derived categories 
defined in [9J, in particular the so-called coderived category. 

Definition 3.1. We say that a curved module G Hcoi) {X, C,w) is coacyclic, if 
Ai is contained in the smallest triangulated category which contains the total curved 
modules 

Tot(^ ^B^C) 

for all short exact sequences in Z^O.coi){w) and which is in addition closed under ar- 
bitrary direct sums. We will denote the triangulated category of coacyclic objects by 
Coac{X, £, w). 

Definition 3.2. The coderived category of Qcoi) {X, C,w), denoted D'^° (Qcoi) {X, C,w)) 
is the Verdier quotient 

D"°(nco[i(X, £, w)) = H^£lcoi){X, C, w)/Coac{X, C, w) 

We will call the morphisms of O.coi) {X, C,w) and H^Q.coi){X, C,w) which become 
isomorphisms in the coderived categories weak equivalences. 

Remark 3.3. One can easily check using induction that the coaccyclic modules contain 
the total curved modules of arbitrarily long, but finite, exact sequences. In particular a 
curved module S is weakly equivalent to any of its finite right or left resolutions. The 
following lemma and corollary show that S is in fact weakly equivalent to any of of its 
infinite right resolutions. 

Lemma 3.4. The category Coac{X, C, w) is closed under taking directed homotopy col- 
imits. 

Proof. This is true of any triangulated category which is closed under taking direct sums, 
since the homotopy colimit is computed as the cone over a particular map between the 
direct sums of the objects. □ 

Corollary 3.5. // 

£^ — ^ Xi — X2 . . . 

is an exact sequence in Z'^£lcol){X, C,w) then the canonical map E — > Tot(/,) is a weak 
equivalence. 

Proof. We can identify 

Cane{£ Tot(X')) = Tot(^ ^ /') = hocolimTot(r"(£ ^ /')) 

n 

where denotes the canonical truncation. Each Tot(r"(£^ — )■ X*)) is the total complex 
of a finite exact sequence of curved modules therefore is in Coac{X, w, C) (cf. Remark 
13. 3p and then by the lemma the homotopy colimit is coacyclic as well. □ 
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The above corollary and the discussion involving the existence of injective resolutions 
in Z°£}co()(X, £, w) which concluded the previous section essentially give the following 
corollary. 

Corollary 3.6. For every M. G iJ°0cof}(X, £, ly) there is a triangle 

where A is coacyclic and X is graded-injective. In particular the coderived category is 
equivalent to the homotopy category of graded-injective curved modules. 

Proof. The first claim follows from the existence of injective replacements. That the 
coderived category is equivalent to the homotopy category of injective modules will follow 
from the general theory of Verdier localization (see for example P]) provided we can prove 
that Hom{C,X) is acyclic whenever C is coacyclic and X is graded injective. For this it 
suffices to consider the case when C is the total curved module of a short exact sequence 
of curved modules, for which the statement is obvious. □ 

Corollary 13.61 tells us how to compute the homs in the coderived category: we pick 
some graded-injective replacements X of and J oi M then 

Hom£)coQ„(,(x,£,^)(A^, A/") = i/°HomQcof)(x,£,i«)(2^7 

The category ncof)(X) of quasi-coherent sheaves on X is a Grothendieck category 
and therefore admits functorial injective resolutions. Such a functor can be used to a 
functorial injective replacement (by simply taking the direct sum total complex) K : 
0.to\){X, C,w) — 7- Inj{X, C,w), where Inj{X, C,w) denotes the full DG subcategory 
of £lco[){X, C,w) formed by the objects whose graded components are injective as Ox 
modules. We will denote by Wl^iodX, C, w) the full subcategory of Inj{X, C, w) formed 
by (the images of) matrix factorizations. We will will often simply write MHom(£, J-") for 

HomOT5,^^(x,£,^„)(^^, J") = Hom£j„(,(x,£,^)(i^(i^),i^(J')). 
We will make use of [8] Corollary 2.3(1): 

Proposition 3.7 (Positselski) . The image of the category €oi){X, C,w) forms a set of 
compact generators in D'^°£lcoi){X, C,w) . 

This proposition has as an immediate corollary : 

Corollary 3.8. Suppose X is smooth. The image of^)Jl^{X, C, w) forms a set of compact 
generators in D'^" O.coi) {X, C,w) . 

Proof. We need only to show that matrix factorizations generate since proposition 13.71 
already implies that they are compact. Since X is smooth, for a coherent curved mod- 
ule Ai we may form a finite resolution of A^* by a complex of sheaves whose graded 
components are vector bundles. Applying the functor yields a resolution of Al by 
matrix factorizations. Then Al is weakly equivalent to the matrix factorization obtained 
by taking the total curved module of this resolution (c.f. once more remark [373]) . □ 

This corollary then gives us an important characterization of the category of modules 
for Wl^ioc{X, C, w) and in particular justifies our claim that is useful to expand our view 
to the whole category of quasi-coherent curved modules: 

Theorem 3.9. The functor Ai ^ Hom(— , Al)!^^,^^ induces a triangulated equivalence 
between between D'^°0.coi){X, C, w) and D{n'^ioc{X, C, w)) 

Proof. In light of corollary 13. 8[ this is an application of theorem 5.1 from [2]. □ 
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The following theorem is announced in [7], in the case when L = Ox- We include a 
few details to the proof. 

Theorem 3.10. Assume that w is not a zero divisor, i.e. the map Ox —^Cis injective 
and that X is smooth, then the category 'OJl'SiodX., C^w) has a compact generator. 

Proof. We use the global version of Orlov's theorem given as the Main Theorem (2.7) 
from [8] to get an equivalence 

£o[i(X, £, w)/Coac{X, £, w) n (rof)(X, £, w) ^ D^sing{Xo/X) 

where Xq is closed subscheme defined by w = and Dgj„g(Xo/X) is the relative singularity 
category defined in Loc. Cit. As a piece of notation we will set 

D''*'Cot)(X, £, w) := Cot)(X, C, w)/Coac{X, C, w) n (Eo^X, C, w). 

By Rouquier theorem 7.39 |T2] the bounded derived category of coherent sheaves on Xq 
has a classical generator, Q. This classical generator then descends to a classical gen- 
erator for the quotient Vg^^g^Xo/X) and therefore gives a classical generator (which we 
will also call Q) for the category D"'"'(Cof)(X, £, u;)). By corollary 13.81 since Q is co- 
herent, there is a weak equivalence between Q and some matrix factorization Sg. By 
corollary 13. 8t D'^'"'£of)(X, £, w) generates D'^°£lcoi){X, C, w), and therefore £g also gener- 
ates D'^"£lcoi){X, C, w). Applying the injective replacement functor K : 0cof)(X, £, w) — )■ 
Inj{X, C, w), and using Corollary l3.6l we get K{£g) is a compact generator for Inj{X, C, w). 
By definition K{£c) lies in Tl^iodX, C, w) therefore is a compact generator for Tl^iodX, C, w) 
as well. □ 

Lemma 3.11. Assume X is a smooth k-scheme, with k a perfect field. Let w G Ox and 
let w denote the doubled potential w = pl{w) — P2{w) on X x X . The exterior product 
induces a quasi- equivalence 

m^iUX, Ox,w)^ mdiociX, Ox, - Mod ^ mdiociX x X, Ox.x, w) - Mod 

and under this isomorphism the diagonal bimodule corresponds the the diagonal curved 
module A^S{Ox)- 

Proof. This follows from the same arguments as [7] theorem 3.4. □ 
We recall from [6] for a DG-category, we have the trace functor 

Tr:D{(i® - Mod) D{C{k)) 
given by Tr{M) := M ® A, where A is the diagonal bimodule A (a, b) = Hom£(6, a). 
Then by Hochschild homology is computed as Tr(A). 

Lemma 3.12. The the isomorphism D{mdiociXxX, w)) = D{m^iocix, w)^m^iociX, w^p) 
from Lemma \3.11\ followed by the trace functor is quasi-isomorphic to the functor 

Mr(LA*-). 

Proof. Both Tr and ]Rr(LA*— ) are triangulated functors from 

D(aJt^?(X X X,w) 

to C{k) that commute with arbitrary direct sums, so it will suffice to check that they give 
the same result at the compact generator of D(^^{X x X,w)). For this we compute 

Mr(LA*^ M 7'^) = Wr{£ (g) 7'^) = MHom(J^, £). 

□ 
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4. HocHSCHiLD Homology 



In this section we compute the Hochschild homology of the category of matrix factor- 
izations in the case when £ = Ox- In fact, from now on all of our results will apply 
only to the case C = Ox, we save the more general case for later work. We will also 
assume now on that X is smooth. We follow very closely the computation of Hochschild 
cohomology which appears in [7]. An alternative computation appears in [10] and at this 
point this result is well-known to the experts. We include our computation for complete- 
ness and since we will later have use to examine more closely the particular isomorphisms 
needed to compare the Hochschild homology to a certain complex involving forms on X. 

Following [7], we define the complete bar complex Bar. This complex has graded com- 
ponents Bar-q = (pi,q+2)*C^9+2 for q > 0, where is the completion of 

X'' = X X---XX 

along the diagonal and Pi,g+2 :Xx---xX^XxX projects to the first and last factor 
in the obvious way. To reduce clutter with our notation, we will hence forth simply write 
Oxk, rather than the push forward onto the first and last factor. The reader hopefully 
will keep in mind that Oxk is actually viewed as a sheaf on X x X. 
The differential, 

b : Bar_q — )• Bar^^^i 
is given locally by the standard formula for the bar differential: 

6(ao Og+i) = ^(-l)'ao aiai+i Kl ■ ■ ■ Kl a^+i. 

Here (and elsewhere) we use Kl to emphasize that this is an external tensor (i.e) only 
scalars commute with it as opposed to a tensor over Ox- We introduce a new "differential" 
of degree -1, 5^,, defined locally by the equation 

5^(ao K ■ ■ ■ K flg+i) = ^(-l)*ao M - ■ - Mat^wM ai+i K . . . a^+i. 

1=0 

We now define the curved complete bar complex, Bar^,, as follows. This will be an object 
of 0co^)(X X X, Oxxx,w), where once again w = pl{w) — P2{w) and pi : X x X ^ X 
are the standard projections. Again this follows [7j. 

We put 

(i3ar^s)g = ^ Bar.p. 

p=q mod 2 

The map B^, may be viewed as a map of degree 1 in Baryj by mapping the factor {Barw)p 
in {Baryj)q to (i3ar^)_(p+i) in {Barui)q+i- We imbue Baru, with the curved differential 
(9 = 6 + -B^, then one checks that B"^ = and then that 

= bBu, + B^b = w 

so Bar^, is indeed a w-curved module. 

It is helpful to view Baru, as the total complex (perhaps modulo some signs) of the 
following "bi-complex" : 
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There is a map Barw{X) A- A*S'((9x) given by projecting the even components onto 
then using the multiphcation map 

^ Oa 

and sending the odd components to 0. It is easy to check that this defines a closed degree 
morphism of curved complexes. 

Lemma 4.1. Baru, M. is isomorphic to A ® M. in D{X) for any —w curved 

S{Oxxx) S{Oxxx) 

module M.. 

Proof. We let W be the cone of the morphism e : Bar^(X) A^S{Ox)- Then 

k=n mod 2 

where we consider = A. 

Consider first the case when A4 is graded-fiat. The n-th graded component of the 
complex W ® is 

S{Oxxx) 

(>V ® M)n= (f^ Oxk^Mo® ff) Oxk^Mi 



k=n mod 2 



k=n+l mod 2 



= O^. ® Mn-k 



Taking the differential into account, may view W ® as the total complex of the 

S(Oxxx) 

"bi-complex" 
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^ Ox^ ® Ml — - — > Ca ® Ml 

> Ox^ ® Mo — - — ^ Oa ® Mo 
^ Ox2 ® Ml — - — > Oa (S) Ml 

> Ox2 ® Mo — - — > Oa ® Mo 
^ Ox2 ® Ml — ^ — > Oa ® A^i 



where the horizontal maps are induced by 6, diagonal maps induced by and the 
vertical maps by the differential on M. This "bi-complex" is of course just a mnemonic, 
but it gives us insight into how to deal with the complex W A^. In particular, 

we may "filter the bi-complex by rows" to get a filtration on W M. One should 

S(Oxxx) 

convince oneself that this indeed a filtration by subcomplexe. This filtration is bounded 
below and exhaustive, therefore the associated spectral sequence converges. Already on 
the El page all of the groups are since the rows of the '"bi-complex" associated to 
W ^ M are exact. This gives us that the map 

S{Oxxx) 

B^r^{X) ® M ^ A,S{Ox)®s{Ox.x)M 

S{Oxy.x) 

is a quasi-isomorphism. 

Now for general A^, let M_ = Tot(J-'*) be a flat replacement of M, where J-'' is a 
(finite) resolution of M by flat — w-curved modules. This can be done as in corollary 
13. 8j finiteness is possible since X is smooth. It is well known (see for example [16j) that 
{Pi,k)*Oxk is flat as an Cxa-module and therefore the graded components of Bar^i are 
flat. This implies the morphism 

Bar^, ® M^ Bavu, ® M 

is a quasi-isomorphism. 
We have 

Bar^ (g) M= Bar^ ® Tot(J^') = Tot(-Bar^ ® T') 

SiOxxx) S(Oxxx) S(Oxxx) 

The cone of the morphism 

Tot{B^r^ ® J^') ^ Tot(A,5(Cx) ® J^') 
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^ 0x4. ® Ml — ^^^^-r-^ Ox3 ® Ml 

^ Oxi ® Mo \ > Ox3 ® Mo 
^ Oxi ® Ml ' Oxs ® Ml 

> Ox* ® -A^i ■ C.t3 ® All 



is given by Tot(W (g) J-''), which is the total complex of a bicomplex with exact columns 
(by the above argument) and uniformly bounded rows and therefore is acyclic. 



Therefore we obtain a zig-zag of quasi-isomorphisms 

S{Oxxx) SiOxxx) SiOxxx) 

L 

Since A^{S{Ox)) ® Ai computes A^S{Ox) ® A4, we are done. □ 

SiOxxx) SiOxxx) 

Lemma 4.2. The map Bar^ — > A*S'((9x) is a weak equivalence in Z°£3cof)(X, Oxxx-, w) 

Proof. Again we use W for the cone of the map Bavu, — )■ A^:S{Ox)- Let ^ be a compact 
generator for 0.coi){XxX, Oxxx,u]) and by 13. 8 1 we can take ^ to be a matrix factorization. 
By the previous lemma 

^ W = 'HomsiOxxx)iS,n^) 

SiOxxx) 

is acyclic, and since Q is locally free we have a quasi-isomorphism 

^omsiOxxx)iS, W) = nomsiOxxx)iS, K{W)), 

where K : nco[)(Xx, Oxxx, w) — )■ Inj{X xX, Oxxx, w) is our chosen functorial injective 
replacement. By adjunction, the complex of sheaves 'Homs{Ox)iQ ^ -^0^)) injective 
graded components. We are want to say that that having injective graded components 
is sufficient for l-Lom{Q ^ K{yV)) to be adapted to the global sections functor, if we could 
the proof would be done. However this complex is unbounded in both directions so care 
must be taken. 

Since X is smooth thus has finite homological dimension, each of the cokernels of the 
differentials are injective. Then by exactness, the kernels of the differentials are also 
injective. Using these facts one can easily verify directly that the global sections functor 
is exact by checking at any particular spot and truncating appropriately, so that the 
truncated sequence is a bounded exact sequence of injective sheaves. Finally we can 
conclude that the complex of vector spaces 

Hom(^,ir(W)) = V{nom{<y,K{W))) 

is exact. Since ^ is a generator this implies that K{W) is coacyclic and therefore W is 
as well. □ 

Theorem 4.3. The Hochschild homology of Wl^lXjOxyW) is MT{Qdw), where Qdw is 
the two periodic complex of sheaves 

dwA ^ ^ Qi dwA ^ dwA ^ dwA ^ dwA ^ 

i odd i even i odd i even 

with Vt' in even degrees. 

i even 

Proof. By lemmas I3.12l and l3.11l we compute the hochschild homology of ^^{X, Ox,w) 
as Rr(LA*A*5'(Ox))- By lemma KT[ we may compute hA*A^S{Ox) as A*Bar^. Now, 
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/S.*Barw is given as the total complex of the "bi-complex" 




Applying the Hochshild-Kostant-Rosenburg (HKR) quasi-isomorphism, which is given 
locally by 



oo Kl • • • Kl On I— ;> —aQaqdai A • • • A dag-i 
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(see [15] theorem 4.8) along the rows we obtain a quasi- isomorphism between ([2]) and the 
bicomplex 




(3) ... 

Under the HKR quasi-isomorphism the map does indeed become Adw: locally we 
have 

dw A HKR{{1 K ai K as ■ ■ ■ K K 1) K 1) = ^dw A dai A ■ ■ ■ A daq 

and 

^ k+l 

= —dw A dai A ■ ■ ■ A da„. 

This gives that the Hochschild homology of DJl'SiodX, Ox, w) is given as the hyperco- 
homology of the complex 

... ^4- ''^ . . 

i even ^ odd ^ even ^ o^d 

where fi' is in even degrees and dwA wedges dw in the first slot. □ 

i even 

5. Boundary-bulk and Chern Character 
Let us recall from [6] the definition of the boundary-bulk map 
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We have a natural quasi-isomorphism 

Then we apply the trace functor the evaluation map S ^ S"^ ^ A^S{Ox) to get a map 

Of course, this construction works for any DG-category, we refer the reader to loc. cit. 
for the details and also for the proof of the fact that the Chern Character in the sense of 
[H] is Teiid). 

Now, having computed the Hochschild homology for the category VJl^iodX, Ox^w) as 
Mr(f2rf^) and now making the trivial observation that since S is locally free we have 

MHom(^, J^) = Wmom{S,T), 

one is want to promote the boundary bulk-map to a map in the derived category of 
sheaves on X: 

Te : 'Hom{£,£) Q^w, 
and thereby understand the particular invariants we wish to compute in two steps, first 
to get an explicit representative for Ts and then to understand the more classical problem 
of deducing the induced map on cohomology. 

Lemma 5.1. Define a map Te : l-Lomi^S^E) — )■ Vtdw in D{X) by 

nom{S, S) = S®S'' ^ LA*(^ K S"") LA*(A,5(Cx)) = ^dw 
Then = Mr(7^). 

Proof. This is clear. □ 

We wish now to get a better handle on this map Ts- We may resolve a matrix factor- 
ization £ hy e ®1 : Bar^, ® — > A^S{Ox) <S) £ = £. Here we use the short hand 

S(Ox) S{Ox) 

® between an w curved module on X x X and a w-curved module on X to mean 

Baryj ® £ := {pi)^{Baru, ® pl£) 

where pi and p2 are the natural projections from X x X to X. Since matrix factorizations 
are flat, lemma WA\ implies that this map is a weak equivalence in Z°l}cof}(w). Then the 
map 

£''®{Barii, ® £) ^ £'' ® £ = Hom{£ , £) 

S{Ox) 

is a quasi-isomorphism of complexes of sheaves. 

This gives us an explicit representative for Ts given by the roof 

£"" ® {B^ ® £) \^ . £"" ®£ ® B^Tw 

S{Ox) S{Ox) 



l(g)e® 1 



ev®l (gi 1 

£'^®£ A*Bar^ 

HKR 
^dw 
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where ev is the evaluation map of S'^ on S, a is switching the factors in the tensor 
product and ® is contraction of tensor. 

The goal now is to construct a natural morphism 

£xp{at{£)) : £ ildw ® £ 

SiOx) 

in the coderived category of w-curved modules, such that 

Te = str{— o £xp{at{£)) : T-Lom{£,£) T-Lom{£,^ldw ^ £) = 'Hom{£,£) Q^w — > ^dw 

S{Ox) S{Ox) 

This morphism will then be a sort of internal Chern Character for the category of matrix 
factorization. In what follows we will want to fix n = dim{X). 

Before we proceed we wish take take a motivational digression and consider the category 
of complexes of coherent sheaves on X. We will follow very closely the treatment from 
[3]. The idea is that in loc. cit Markarian constructs an internal Chern Character by 
exponentiating the Atiyah class map and which takes values in Hochschild homology 
sheaves. We wish to mimic this construction. The main technical problem, as we will 
see, is that there is no obvious analog to the Atiyah class for matrix factorizations. But, 
oddly enough, even though the class at{£) does not seem to exist, its exponential does. 

We have the exact sequence of Ox^ modules 

^ X/X^ ^ Cx^/X^ ^ Ca ^ 

where X is the kernel of the multiplication map Ox^ — )■ O^. We will write for X/X^ 
and for Ox^/I^- Given an honest complex {dP = 0) of sheaves, £, we may "tensor on 
the right" by £ to get an exact sequence of Ox-complexes 

(4) O^Q^ ^ £ ^ ®Ox £ ^ £ 

Ox 

where for an Ox'^ module M. and an Cx-module F 

Ox 0^2 

where pi : X x X X are the standard projections. The extension in (jl]) gives an 
element of 

Ext\£,Q^ ^ £) = HomD(x)i£,^^ ® ^[l])- 

Ox ' ' Ox 

This element, at{£) : £ ^ Q ® £[1], is called the Atiyah class of £. 

Composing the morphism at{£) with itself i times and then wedging forms we obtain 
a map 

Aat{Ey :£ -^n' ® £[^. 

Ox 

Using the isomorphism ^ Q'^ = Q/^^ get a long exact sequence 

Ox 

Ox Ox Ox 

Tensoring this sequence on the right with £ we get a long exact sequence 

(5) ^ £ ^ Q^'-^ ® J\£) >Q^ ^ J\£) j\£) £. 

Ox Ox Ox 
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Here we denote by J^{£) the tensor product J\ ® £. One sees easily that this exact 

Ox 

sequence represents Aat{Ey as a Yoneda extension and so the map Aat{£y is given as 
the zig-zag 

S ^ {Q®' ® £ ^ Q^'-^ ^ J\S)^ ® J\S) J\£)) ^Q'^ S\i] 

Ox Ox Ox 

where the last map is simply projection onto the last factor followed by wedging forms. 

When we try to mimic this construction for curved {w 7^ 0) modules, the projection 
onto the last factor is no longer a map in the category we care about. Or more accurately 
the inclusion of graded Ox modules fl''^S[i] — )■ fldw'^£[i] is not a map of curved modules, 
unless z = n or dw = 0. Our first observation is that we can view the exponential of the 
Atiyah class as a map from the total complex of the resolution, 

fi®" ® f ^ ® J\£) (g) J\£) J\£) 

Ox Ox Ox 

of S, to fl' ® S, by using the various projections onto £, for i < n, where again 
n = dim{X). The second observation is that we still can in VJH^iodX, C,w) construct 
appropriate analogs of this resolution of S. We do this now. 
As with the curved bar complex we may use the resolution 

(6) -> fi®"-^ ®nA^ n"^""-^ Jl^ — ^ j^^Oa 

Ox Ox Ox 

to build a w curved complex At which resolves A^S{Ox)- Set 

'n^' ® Ji if < i < n 

Ox 

Ai = { ^A iii = n 

Ox 

else 
Then define the graded components of At by folding 2-periodically: 

Ati Aj . 

j=i mod 2 

We have the differential, m : Ati — > Ati^i coming from the resolution [H] which (locally) 
is given by the equation 

m{dai ® da2 ® ■ ■ ■ ® dan ® Oo ^ cin+i) = aoci„+ic?ai ® . . . dan-i ® a„ Kl 1 

— a^an+idai ® . . . dan-i 1 Kl a„_i. 

Here we have chosen indices in preparation for certain morphisms involving the curved 
bar complex. Again we use M to emphasize external tensor. Depending on our purposes, 
i.e. whether we want to emphasize or deemphasize the role of J\ in the tensor VL®'^ ® J^, 
we will alternatively simply write 

a^dai ® ■ ■ ■ ® dag Kl a^+i = ai (g) ■ ■ ■ ag Kl a^+i 

Coordinate free, this map m is simply induced by the multiplication map JT^ — > Oa 
followed by the isomorphism fi®* ® Oa — (8) ^a and then the inclusion 

Ox Ox 

And, of course, on the summand An = (g) ^^a, tti is simply the inclusion of 

Ox 

Q^{n-i) ^ into ® J-i To curve At by w we add a second differential 

Ox Ox 

given by the formula 
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+1' 



)a;g®aoKlag+i. 



i=0 



As with Bar^, we may picture At as the total complex of the bicomplex: 






Now we claim that At imbued with the differential B^w — 'mj is a w curved module, 
where 7 is the grading operator with respect to forms, i.e. ^Ini^jj^ — Indeed the 

computations 
m^Bdw{aodai ® . . .® dug Kl a^+i) 



q-l 



^(— l)*m(aoc^cti ■ • ■ (8) rfw (8> • • • (8> duq Kl a^+i) 

.1=0 

(— l)^(aoaq+idai (8> • ■ • (8> da, (8> w Kl 1 — aoa^+irfai (g) . . . dag (gi 1 Kl 



+ ^(— l)*aoag+idai (g • • • dui daj+i 

i=0 

9-1 

— ^^(— l)*aoag+i(iai (g • • • (g) daj (g) (8> daj-i-i 



I dttg-l (g Og Kl 1 
1 dUq-i (g 1 Kl Og 



i=0 



and 



= (-1)^ 



■g-l 

^^(— l)*aoag+idai (8) • • • (8> c?aj (8) c^w <8) c^aj+i 

. 1=0 
q-l 

— ^^(— l)*aoaq+idai (8) • • • ^ dai (8) d^i) ^ doj+i (8 • • • 

i=0 

show that 
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I dttq-l (8 tto Kl 1 



i daq-i <8 1 flq 



{Bdw - m'jy = -Bdy.m'j - m'yBdwidai ® ■ ■ • ® da^® a^+i) 
= aoa^+irfoi (8) • • • (g) daq (g) Kl 1 — 1 Kl 
= dai (g) • • • (8) daq (g) (aoag+iu; Kl 1 — OoO^+i Kl 



The final observations are tliat w acts on (g) jTl by 

Ox 



w ■ ui® . . .Uq® a^v^ a^+i = wui (g) . . . a;^ (g) ao N ag+iw = (g) . . . (g) woq IaI a^+iw 
and the difference between this action and the above computation for {B^x — m'yY is 
aoflg+iwKl 1 — aoOq+i — wao^aq + ao^wq = (aoKll)(u'KI 1 — llEl-u;)(ag+i Kl 1 — IKlag+i) 



which is in J'^. Therefore the map {Bdw — mj)^ — —Bdw'iTi'y — m'yBdw is indeed 
multiplication by w. 

Now there are maps tt : O^^+'i — >■ Jl®^ <g) Jl given by 

Ox 



7r(ao Kl oi Kl • • • Kl Oq Kl a^+i) = Oodoi (g) • • • (g) daq Kl a^+i 

It is easy to see t^B^j — B^wT^. We observe that for an elements of O-^^+i of the form 
ao • • • Kl ajaj+i Kl • • • Kl a^+i, with 0<i<g + lwe have 

7r(ao Kl • • • Kl ajOj+i Kl • • • Kl Og+i) = dai (g) • • • (g) d(aiaj+i) (g) (g) Oq Kl a^+i 

= aoOi+irfai (g) • • • (g) dai ® dai+2 <S> • ■ ■ <S> daq Kl a^+i 
+ aoaidai (g) • • • (g) doj-i (g) doj+i (g) • • • (g) da^ Kl a^+i 

= a^aidai (g) • • • (g) doj (g) • • • (g) dag Kl a^+i 

+ aottidtti (g) • • • (g) (iaj_|_i (g) • • • (g) daq M a^+i 



where indicates to omit this tensor. We also have 

7r(aoai 02 Kl • • • Kl Og+i) = ooOi (g) 02 (g) • • • <g) dog Kl Og+i 

= Ooai (g) dai 'S> da^ (g) • • • (g) rfog Kl Cg+i 
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So, again using b for the Hochschild differential, we have 



7r6(ao K ■ ■ ■ ^ ag+i) = ^(-l)V(ao K ■ ■ ■ K 

i=0 



{—lyaodai (E" • • • ® daq-i M OgOg+i + aQaida2 (8) • • • ® (ia„ Kl a„+i 



3-1 



+ ^^(— l)*aoai (8) da-i ® ■ ■ ■ ® dai (8) • • • ^ rfa^ lEl dug+i 



1=1 

g-i 

+ ^^(— l)'aoai+i (8) dai (8 • • • <8 daj+i (8 • • • <8 dflq dog+i 

= (— l)'^ao<iai (8 • • • (8> dag-i lEl agOq+i + aoaida2 (8 • • • (8> cJa^ Kl a„+i 
?-i ^ 
+ ^^(— l)*aoai (8 c?ai (8 • • • (8> daj (8 • • • (8> da^ Kl dog+i 
1=1 

<? 

+ ^(— l)*~^aoai (8 dai 8) • • • ® doj (8 • • • (8) dag M dog+i 

1=2 

= {—lyaodai (8 • • • (8) dag-i lEl aqOq+i + aoaida2 (8 • • • (8) da^ lEl a^+i 

— aoaida2 (8 • • • (8) doj ® ■ ■ ■ ® dag lEl da^+i 

+ a^dagdax (8) • • • (8 doq-i lEl a^+i 

= (-l)«+^m7r(ao Kl • • • K a^+i) 

The above discussion proves the foUowing lemma: 

Lemma 5.2. The map tt : Sar^ — >■ Z5 a closed morphism of w- curved modules. 

Incidentally this discussion also explains the appearance of the grading operator in the 
horizontal direction. 

Remark 5.3. It is clear that vr : Bar^ — >■ is a weak equivalence of ?7; curved modules 
on X X X, since both Bar^} and At are weakly equivalent to l\^S{Ox) via projection. 

As a piece of notation, for S e £l<iO^{X, Ox, w), we define 

At{£):^At ® £:^{pi)^{At ® pIS). 

S{Ox) S{0^2) 

Lemma 5.4. Let A : QP^ ® -^^i^) ® £■ denote the anti-symmetrization map: 

A{aQdai <S> ■ ■ ■ ^ dag Kl e) = a^dai A • • • A dag e 

Then the map 

n ^ 

y - : At{£) ^n^w ^ £ 
gives a closed degree morphism of w-curved modules. 
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Proof. This follows from the calculations 



A 



(9 + 1) 



■Bdw{aodai (g) . . . daq M e) 

= -. ^^(— l)'aodai A • • • A dai A dw A dai^i A • • • A da^ (8) e 

= -7 a^dw A dai A ■ • • 

(9 + 1)!^ 



A doq (g) e 



1 



dty A — (aoOi 



c?w A aodfli A • • • A dag (S> e 



> (ia„ H e) 



and 



A 



(9-1)! 



m{aodai (S) ■ ■ ■ CE) (ia^ Kl e) 



(9-1)! 
1 



(9-1) 



(aocigrfai A ■ • ■ A dag^i ® e) 



■(aorfcti A ■ ■ ■ A dttg-i ® Ogc) 







and the observation that the differential on S obviously commutes with the map ^i- 

□ 

Definition 5.5. Define the map £xp{at{£)) : £ — )■ Qdw^£ in the category D™ncof)(X, Cx, 
by the roof 



At{£) 



V 



£ 



s4 
firf^ (g) 



Lemma 5.6. T/ie sheafified boundary bulk map Te '■ T-Lomi^(^Ox)i^^^) ^ ^dw is given by 
str{— o £xp{at{£))) , where str : 'Homs{Ox)i.^^£) S{Ox) is the super-trace map. 

Proof. Recall from the discussion at the beginning of this section that we have the fol- 
lowing representative for 7} 



£''®{B^ ® £) 

S{Ox) 



1® P®1 



£"" ®£ 



£^ ®£ ® Bar^ 

S(Ox) 



ew®l (g) 1 



A*Bar, 



HKR 



From lemmas 15.21 and [5.41 we may complete this diagram to the following picture 
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S(Ox) 

eii®l (g) 1 

HKR 



'Hom{S, £) 'Hom{£, Qdw ® £) * ^dw 

It is easy to check that everything commutes, at least perhaps with the added obser- 
vation that the bottom arrow, which we have by abuse simply called str, first commutes 
the tensors under the isomorphism 

'Hom{£, ridw ® = 'Hom{£, £) Q^w 

before applying the super-trace. 

□ 

Taking w = 0, our results give us directly information about Z2 complexes of vector 
bundles on X. Moreover, one checks (essentially by taking a standard tensor product 
on complexes, rather than the folded tensor we use for matrix factorizations) that all of 
the above constructions and theorem go through. This gives the following result, which 
follows formally from [T] and [11]. However, there seems to be a problem in Ramadoss's 
proof in [llj: in the proof of Proposition 2 he uses without explaining the coincidence of 
the two versions of the Chern character of 0/\, one defined in [1] and the one one coming 
from DG theory. 

Theorem 5.7. The DG Chern Character map for perfect complexes on smooth X in the 
sense of [14j coincides with the classical Chern Character. 

Proof. We apply our remark Elto lemma ES] and ED to find that the DG Chern Character 
of a bounded complex of locally free sheaves £ is given by 

M.T{str{£xp{at{E)))) e Wr{Qn') = HH{X). 

This according to [3] is exactly the classical Chern Character. □ 

6. A Formula for the Boundary-bulk Map 

In this section we wish to develop a global analog of the Chern character formula 
for global matrix factorizations computed for a formal disk in [6J. There should be 
some question about what such an analog could be since globality generally prohibits 
formulas, at least formulas involving coordinates. Another option would be to relate to 
Chern character to certain classes which exist globally, e.g. Chern classes or the Atiyah 
class. At some level we have already done this and at another we have already discussed 

""^There is a mild issue here with respect to 13.101 which requires that w not be a zero divisor, however 
the conclusion of this theorem is well-know to still hold when w = 0, so there is no problem. 
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£""^{3^ 8) £) 

S{Ox) 



1 Kip® 1 



1 Her® 1 



1 K TT ® 1 




£"" ^£ 



£''^At{£) 



£"" ® (ridw ® £) 



the obstruction to doing so. We should probably also point out here that we do not know 
what Chern classes are for matrix factorizations. 

We have taken the task of finding a global Chern character formula and more generally 
the boundary bulk map to mean the following: understand the image of the boundary 
bulk map in some computable model for Mr(f2rf^„). This will be a Cech model and we 
will give our formula in terms of local connections on a Cech cover. 

Lemma 6.1. Let S be a matrix factorization with curved differential e. Suppose V is a 
connection onS, i.e. V consists of standard connections on underlying graded components 
V i : Sq ^ Q ^ Si for i = 0,1. Then the morphism 



At{S) 




which represents the map Sxp{at{S)) in the coderived category from definition \5.5\ is given 
by the map of w- curved complexes 



exp{at{S)) = 







(o 









B'dw 



i=0 

Proof. Given a connection V on £^ we obtain splittings J^{£i) = Q} ®£i ®£i under these 
splittings the induced map by e on J^{£) becomes 

1 ® e [V, e] 
e 

The map 

m : ®£i®Vfi®£i^Vfi(g,£i® n'^-^£i 

is simply given by the projection 



and the map Bdw splits as 



where B'^^ : ® £, ^ n'^(<i+^) ® is given by 

B'^^{aodai (g) ■ ■ ■ ® dug+i 0e) = ^(— l)-^ao(iai ® ■ ■ ■ ® daj dw^ daj+i ® ■ ■ ■ (g) duq+i ® e 

j=0 

and B'^^ : fi^"? £i ^ o £i is given by 

<? 

B'^^{aodai ® ■ ■ ■ ® a, ® e) = '^^{—ly aodai ® ■ ■ ■ daj rfw ® daj+i ® ■ ■ ■ dag ® e. 

j=0 

Using these splittings we may view X^iLot^'^]* ^ degree map £ — )■ At{£) then 
it will suffice to show that that map is a closed morphism of if-curved modules since it 
obviously splits the weak-equivalence At{£) £ induced by projecting and we also have 
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We first need to make the simple calculation: 

e[V, e] + [V, e]e = Vw — wV = dw. 

Now 

e7[V, e]« - [V, ej'^e = (-l)'^e[V, e]* - [V, ej^e 

q-l 



(-ir^(-inV,er(e[V,e] + [V,e]e)[V, 



iq-i-l 
i=0 



q-l 



^(_l)g-i-i[V, e]' dw; ® [V, ef-'-^ 



1=0 

The equality going from line 3 to 4 above is a bit tricky: The map dw ® — sends 

a^dax ® daq^i^i ® e aodai (iag_i_i ® rfw (g) e 
and then for the composition we have 

Sj > ® 

(iw — 

SO computing [V, e]* ® dw [e, V]''^*^^ is the same as computing [V, e]''"^ and then 
inserting dw in the q ~ i — 1st slot. Now we may compute 

X. ^\ ^(^ 7V (dsl [V,e]7M / 



i=0 



Z^l(-iye[V,e]V^l 







which finishes the proof. Note that the second sum on the second line starts at i = 1 
because the component of the differential on At{E) coming from m is on J^{£). □ 

Remark 6.2. In the case when X is a formal disk, we recover the formula for the Chern 
Character from [6j by identifying the cohomology Mr(fix) with the Tyurina algebra . 

Naturality of the Chern character (or more generally the boundary bulk map) implies 
that it commutes with restriction to open subschemes. The above lemma tells us what 
happens to the Chern Character upon restriction to open affine subschemes. Of course, 
upon restricting we loose information. The following lemmas describe how we can go the 
other direction. That is, they give us a method to take this local data (along with an 
appropriate collection of homotopies) to a global a global morphism to Cech Cohomology. 

Lemma 6.3. Let {J^,djr) and {Q,dg) be complexes of sheaves (or w-curved S{Ox) mod- 
ules) on X and Ui, . . . ,Un be a Cech cover of X. Denote Qio...ip = {jio-jp)*S\u^gn-nu,j,, 
where jpo...p„ is the inclusion o/ f/jp fl ■ ■ ■ fl f/jp into X . Suppose we are given the following 
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data: for each < p < n and each tuple i^ii . . .ip with 1 < io < ii < • • ■ < ip < n we 
have a map 

fio...ip '■ J' Gio...ip\p\ 

such that 



io...ik...ip\UiQ---ip ' 
3=0 

then the map f : JF ^ Cech{Q) defined on T'^ by 
is a closed degree map of complexes. 

Proof. First observe that /io...jj, takes J^'^ to Gi~^_i^ and Gi~^i^ lives in degree q of Cech{Q), 
therefore the map / is indeed degree 0. 

If we consider the composition cf where c is the Cech differential, we get 

n 

p=0 io-.-ip 



p=0 i=io...ip 

where 

{1 a io - . .ip^ jo - . .jk - ■ ■ jp+i: k even 
-1 if io . . . = Jo ■ ■ ■ Jfe ■ ■ ■ jp+i, k odd 
else 

On the other hand,by our assumption on fiQ..,ip, we have 

n 

idgf -fdr = Y E - {-lfUo...rpdT) 

p=0 M)...ip 
n p 

p=0 io—ip k=0 



E E (-i)"^*''-^V(i,j)/.„„,, 

p=0 i=io...ip 

i=jo—jp+i 



^jO--jp+l 



-EE 

P=0 i=io...ip 
}=jo---jp+i 

-cf 



where 7 is the grading operator on the Cech complex: 'y\gi^^ = (—1)^- D 

Lemma 6.4. Let 8 he a matrix factorization with curved differential e. Let Vj he a choice of 
connection on Uj, where {Uj}\jLi is a Cech cover of X. The collection of maps 

f to. ..ip '■ £ ~^ -4^(^)io---ip[p]) 
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,{ko, ...kp) = (-l)E^=oi('=i+i) and ai„ : Q'^" (g) S ^ Q®" J'^{S) is the splitting induced by 



Vjg satisfies the hypothesis of lemma l67l 
Proof. We know from the proof of lemma 16.11 that 

i-lfe[V,„e] - [V,o,e]'=e = -B,^[V,„ef-' 

so that 

We claim that 



j=0 

We will prove this by induction, but before we do, let us see how this proves the lemma. 

Recall from the proof of lemma lOl that after splitting At{S) with respect to Vjg the 
differential is given as the sum of three components 

7e = (-1)^ Q f'^*"' ""^^ : 1^®"+' ^Si^n^^Si^ n"^' ® © ® 

-7m = (-1)^ : ® £i © fi« ® £i ^ fi" ® © fi'^-i © £i 



and 

= (^^^" ^ : fi'^^' © © fi" © ^ ^'^+2 © © Q'^^' © 

We have the relation 

So when we take into account the grading operator 7 we get 

(7[Vio, e] - 7)/io..ip = (Vii - ^io)fh...ip- 

Now the observation is that (Vj^ — Vjo)/ii...jp is exactly the difference between splitting 
with respect to Vj^ and splitting with respect to Vi^ i.e. 

(^iofi\...ip ~\~ (Vjj^ ^ if)) fii...ip = '^iifii...ip 

This combined with the claim gives us the lemma. 
To prove the claim, notice first that we can write 

n 

fiQ...ip = ^ ] (~-^) ^ ^/jo---ip-l (^«p-i ~ • 
A;=0 
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Then we make the computation: 



(7) 

(8) 
(9) 
(10) 

Note that the sign (_i)'=p+'=+p+i on the first hne appears because applying (Vjp_j — 
Vip)[Vip, e]'^ before fio...ip^i introduces an extra k + 1 tensor factors of Q^. So what we 
will need to show is that lines ([7]), ([H]), (E]) and f lTUj) sum to give 

p 

— BdwfiQ...ip + ''y^X~^y fin...U...i„- 

Now we note that 

(-l)'+'(-i?d-/.o...v-i)(Vip-i - V.J[V,^,e]^ 

= Bdwfio...ip-ii^ip-l ~ Vip)[Vip,e] 

SO the sums 

^(-l)'V^o...v-i(V.,_, - V.J(-S..[V.„e]'^-i) 

k 

from ( 1T0|) and 

oo 
A:=0 

from ([7]) add to give —Bdwfio...ip as needed. 
We have the following relation 

fio...ip-i[^ip-i:(^] — fio...ip-i ~ fio...ip-2^ip-2 ~ ip-l) 
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A; 

k 

+ E(-l)''/*o.....-.(V.,_, - V.J((-l)^-e[V,^,e]^- - [V.^,e]^e] 
fc 

+ E(-l)'''/^o.....-i(V^,_, -V,J(-i?,„[V,;^,e]^-i) 



so then for the sum from we have 

k 

k 

k 

k 

k 

+ E(-l)''^'^'/»o.....-.(V.,_.-V.^_J[V,^,e]'= 

k 

(11) = (-l)^/.o....-i 

(12) +E(-l)''^'^'/.o.....-.(V.,_. -V,^_J[V,^,e]'= 
Now we turn our attention to the sum 

n p—1 
fc=0 j=0 

from dH]) In the case when j ^ p — 1 we have 



fc=0 

When j = p — 1 we may add 

n 



k=0 

to 



A:=0 

from f[T^ to get 

oo 

(14) (-l)^-^$^(-l)'=(^-^)/.o....,-.(V.,_, - V.J[V.,,e]'^ = (-l)^-V.,...-. 
Adding the sums from ([TT]) . f[T51) and ffUl) gives 



p 

V(-1)V 

/ J lo...lj...lp 

j=0 

which finishes the claim and thus the lemma 



□ 



Theorem 6.5. Let f = {fio...ip} ^ C ech{l-iom{£ , £)) . The boundary hulk map T£ is 
computed on f as 

\ p zo..-pfci...fcp ^ °+ +I^P+P)- 
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Proof. This is mostly an amalgamation of lemmas 16. 3[ 16.41 and 15.61 The division by 
{ko + . . . kp + p)\ comes from applying the map 



V - : Cech(At(£)) Cechi^ldu, ® S) 
(see lemma [53]). The sign comes from the fact that 

— ^ — + 2^ + 1) = — ^ — + — ^ — + 2^ j^i = p + 2^ j^i 

j=0 i=0 j=0 

and p is congruent to modulo 2. We need only check that this map we have constructed 
actually computes the boundary bulk-map. 
We have the following diagram 



At{E) 




Cech{At{E)) 

Cechijx) 
Cech{S) 



where the diagonal map is given by 

(15) E E E (-ir'^^-»^''lV.„,e]'=nV.o - V,) . . . (V.,., - V,,J[V.,,e]'=^ 

p io---ip ki...kp 

Now the outside square commutes as well as the bottom right triangle. And then, 
since Cech{7r) is a weak equivalence, the upper left triangle commutes in the coderived 
category. It follows then that composition of the diagonal map, f[T^ . with the map 

: Cech{At{£)) — )• Cech{Qdw) computes L£xp{At{S)), where l : Qdw — ^ Cech{Q 
is the inclusion. 

Corollary 6.6. The Chern Character £ is given by the cocycle 



dw ) 
□ 



ch{£) = striY,Yl E (-1)^+^^'-°^'^^ 

y p io-.-ip ki...kp 

in a Cech model for WT^Qdw) ■ 



{ko + --- + kp+p)\ 



Remark 6.7. In light of remark [5] and theorem 15. 7[ corollary 16 . 6 1 translates directly to give 
a formula for the Chern character of complexes of vector bundles. 
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